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OBLIQUE IMPACT OF A SOLID BODY ON SOILS 
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The interaction of a solid body with soils has applications in various 
branches of engineering and has been studied by a number of authors. 

A. Ya. Sagomonyan [1,2] studied the penetration of a sharp 
axisymmetric body into soils. B. I. Didukh [3] made use of Kh. A. 
Rakhmatulin's theory of unloading waves to solve shock compaction 
of loess soils with a plane compacter. An approximate solution of the 
same problem in elementary functions has been given by S. S. 
Grigoryan [4]. 

This paper examines the oblique impact on soils of a solid body 
which makes a parabolic (plane problem) or paraboloidal (axisymmetric 
body) impression in the surface of soits with the capability of signi- 
ficantly changing their density under compaction. 

Sections 1-3 deal with the impact of a solid body on soils that 
constitute an elastoplastic medium with a piecewise-Linear law of 
uniaxial deformation with an interval where o = const. 

1. A so l id  body wi th  a s u f f i c i e n t l y  s l o p i n g  p r o f i l e  
( m a x i m u m  ang le  b e t w e e n  p l ane  t angen t  to s u r f a c e  of 
body i n t e r a c t i n g  wi th  the so i l  and u n d e f o r m e d  so i l  

s u r f a c e  d ~ s ;  8; is  a s m a l l  p a r a m e t e r ) ,  on i m p a c t  
wi th  the so i l ,  ha s  the  c o m p o n e n t s  of  i n i t i a l  v e l o c i t y  W 0 

and Uo (F ig .  1). 
It is  a s s u m e d  that  the  body  w a s  not  r o t a t i n g  p r i o r  

to i m p a c t  and tha t  d u r i n g  i t s  p e n e t r a t i o n  into the  s o i l  
i t s  a n g u l a r  a c c e l e r a t i o n  is  n e g l i g i b l y  s m a l l ,  s i n c e  the  
c o r r e s p o n d i n g  m o m e n t  of i n e r t i a  is  s u f f i c i e n t l y  l a r g e .  

We m a k e  the  a p p r o x i m a t e  a s s u m p t i o n  tha t  the  
u n s t e a d y  m o t i o n  of the  s o i l  t a k e s  p l a c e  m a i n l y  in one  
d i r e c t i o n ,  or ,  m o r e  p r e c i s e l y  that  the  c o m p o n e n t s  of  

the v e l o c i t y  v e c t o r  a r e  of the o r d e r .  

a ....-~ v ~ sWo, w ~ Wo (1.1) 

(it is  a s s u m e d  tha t  the  c o e f f i c i e n t  of f r i c t i o n  is  f ~ e2), 
w h i l e  the  d e r i v a t i v e s  of  the  d i f f e r e n t  f u n c t i o n s  c h a r a c -  

t e r i z i n g  the  s o i l  c o m p a c t i o n  p r o c e s s  a r e  g iven  by the 

e s t i m a t e s  

0 0 0 (1 .2 )  

T h e n  as  S. S. G r i g o r y a n  [5] h a s  shown,  one  can  

d e r i v e  a s y s t e m  of e q u a t i o n s  of  o n e - d i m e n s i o n a l  m o t i o n  

a l o n g  the  z a x i s  f r o m  the  e q u a t i o n s  d e s c r i b i n g  s o i l  

m o v e m e n t ,  by n e g l e c t i n g  q u a n t i t i e s  O(e2). 
T h e  c o r r e s p o n d i n g  a p p r o x i m a t e  e q u a t i o n s  of  c o n t i -  

nu i ty  and m o t i o n  h a v e  the  f o r m  

Op 0(pw) _ / 1  (Ow Ow) Ozzz (1.3) 
Ot -}- Oz - - ~ '  P -gi- + w-gTz = 0--7- 

(the s u b s c r i p t s  zz  on the  s t r e s s  c o m p o n e n t s  w i l l  in the  

f u t u r e  be  o m i t t e d :  Crzz = c0. 
T h e  s o i l  can  be  in on ly  two s t a t e s ;  e l a s t i c  OA o r  

packed ,  i n c o m p r e s s i b l e  B1BC ( F i g .  2).  T h e  t r a n s i t i o n  

to the  s e c o n d  s t a t e  t a k e s  p l a c e  a b r u p t l y  a t  cr = - P s  (0 
is  the r e l a t i v e  d e f o r m a t i o n ) .  U n l o a d i n g  in the  c o m p a c t e d  

s o i l  t a k e s  p l a c e  w i thou t  a l t e r a t i o n  of v o l u m e  C B B  1 . 

S ince  the so i l  m o d e l  in q u e s t i o n  is a p a r t i c u l a r  c a s e  
of  the g e n e r a l  m o d e l  s t ud i ed  in [5], we can  m a k e  u s e  of  
e q u a t i o n s  [1.3] .  T a k i n g  into a c c o u n t  the  i n c o m p r e s -  
s i b i l i t y  of the so i l  in the  s t a t e  c h a r a c t e r i z e d  by po in t s  
of  the s t r a i g h t  l ine  B1,BC we  ob ta in  e q u a t i o n s  wh ich  
d e s c r i b e  the  m o t i o n  a long  the z a x i s  in the  z o n e  of  
c o m p a c t e d  so i l :  

ow o~, 0z (1.4) -~-z = 0, pl --~: = -~z �9 

I , ,  , ' - = c o n v l "  I t  . a o  , " 

. . . . .  2 . 1 . : _ _ _ _  C _  '~ 

Fig .  1 

It  i s  o b v i o u s  that  if the c o m p o n e n t  of the  i n i t i a l  
v e l o c i t y  Wo, n o r m a l  to the  s o i l  s u r f a c e ,  is  s u f f i c i e n t l y  
l a r g e ,  by a n a l o g y  wi th  the  e a s e  of  an e x p l o s i o n  in 
e l a s t o p l a s t i c  s o i l  i n v e s t i g a t e d  by N.  V. Z v o l i n s k i i  [6], 
the  s o i l  d e f o r m a t i o n  p r o c e s s  can  be  d i v i d e d  into f ive  

s t a g e s .  

1) A compaction shock wave propagates through the undisturbed 
medium in the direction of the z axis (Fig. 1). 

2) Under the left "stern" end of the penetrating body (in the neigh- 
borhood of point A) the shock wave velocity is first equal to and then 
less than c0, the propagation velocity of the longitudinal elastic 
waves. The shock wave begins to emit an elastic wave; soil compaction 
continues; the right boundary of the region of emission of the elastic 
wave propagates to the right~ 

3) For a certain decrease in the normal velocity component, soil 
compaction ceases under the stern end of the body, i . e . ,  an elastic 
wave will be propagated through the undisturbed medium, followed 
by the compacted zone; the boundary is a contact discontinuity. 

4) Subsequent decrease in the normal velocity component leads to 
separation of the soil from the stern part of the body surface (if the 
initial value of the drift velocity U0 is commensurable with the initial 
value of the normal component of vetocity W0). 

5) Since unloading of the compacted soil takes place without 
alteratinn in volume, at the same time as the body comes to rest, in 
the case of direct impact, the compacted zone will stop, and from it 
there will separate the trailing front of the elastic wave. In the case 
of oblique impact a ricochet is possible. 

In the  e l a s t i c  zone ,  a s  is  c u s t o m a r y ,  we  i g n o r e  the  

c o n v e c t i o n  p a r t  of the  a c e e l e r a t i o n  ( S w / a t  = d w / d t )  and 

a s s u m e  tha t  the  m o t i o n ,  a s  in the  zone  of  c o m p a c t e d  

so i l ,  i s  p r a c t i c a l l y  o n e - d i m e n s i o n a l .  Then ,  in the  
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plane wave between the s t r e s s  (r2((rzz) and the ra te  of 
e las t i c  d i sp lacement  w 2 the re la t ion  

~r~ = - -  pocow~ (1.5) 

holds, where  Po is the ini t ia l  soil  density,  co is the 
propagation velocity of the longitudinal  waves.  

'I' I:,,,, 
i 8 

Fig. 2 

Below, we wil l  confine ou r se lves  to a study of the 
m o r e  in t e re s t ing  second and thi rd  stages,  i . e . ,  we 
will a s s u m e  that W 0 is modera te ,  and that dur ing  the 
whole per iod of its ex is tence  the en t i re  surface  of the 
shock wave emi ts  an e las t i c  wave. 

Then boundary  condit ions can be wr i t ten  in the fol-  
lowing form (see F ig .  1, where  AD is the region of 
e las t i c  s t r a ins ,  DC is the contact  d iscont inui ty  front, 
and CB is the shock wave): at the shock wave 

P' ( l - -  P-~)oz. 
w, = -~- w~ + - ~ ,  (1.6) 

at the contact  d iscont inui ty  front  

az  s 

Here  a~ and co s co r re spond  to compact ion zones 1 
and 2 ; a2 and ~z~ to the e las t i c  zone 3 ; and p~ is the 
dens i ty  of the compacted soi l .  

The sys tem cons ide red  can only be rea l i zed  for the 
addi t ional  condit ion at the shock wave [6-8]  

cr = - -  p. (1.7) 

The boundary  condit ions on the body sur face  for the 
plane p rob lem and for an a x i s y m m e t r i c  body have, 
r espec t ive ly ,  the fo rms  

dh dh 
w~=H'dz l ' -a -~ ,  wx=H'q- l ' - -d~aeOS ~. (1.8) 

Here  the dot denotes d i f fe rent ia t ion  with r e spec t  to 
t ime, H and l a re  coord ina tes  of the apex M of the 
body r e l a t ive  to a fixed point on the soil  sur face ,  q~ is 
the angle in the hor izon ta l  plane m e a s u r e d  f rom the x 
ax is ;  h = h(a) is the body contour  equation, the upper  
(lower) s igns  c o r r e s p o n d i n g  to points  on the r ight  (left) 
of the axis  of s y m m e t r y  (Fig.  1). 

Beginning  at a def ini te  m o m e n t  of t ime  the contact  
sur face  between body and soil  will  be made  up of th ree  
regions:  a r ight  region BN, unde r  which c o m p a c t i o n  
of the soi l  con t inues ;  a middle  reg ion  ND, unde r  which 
compact ion  has  ceased,  and a " s t e rn"  reg ion  DA unde r  
which there  is no compacted soi l .  

Since, in view of re la t ions  (1.5) and (1.7), there  is 
a zone with constant  p a r a m e t e r s  ~r ~ - P s ,  w2 = Ws, Ws ~ 
--- Ps/(P0C0) between the shock front and the leading 
front  of the e las t ic  wave, soil packing takes place 
under  that port ion of the contact surface  where w 1 
> w s. Thus,  the boundary between the f i r s t  and second 
regions  is de te rmined  by the condition 

w = w , .  (1.9) 

The rat io H ' / I  �9 de c r e a se s  monotonical ly .  In conse-  
quence, projec t ion  of the boundary between the second 
and third reg ions  onto the undeformed soil  sur face  
does not change in the s ta t ionary  coordinate  sys tem in 
the case of the plane problem, and only i n c r e a s e s  with 
penet ra t ion  in the case of an a x i s y m m e t r i c  body (this 
projec t ion  cons i s t s  of points at which the soil  pa r t i c l e s  
at tain a veloci ty w = w s at the momen t  of contact with 
the body). 

Solving Eqs.  (1.4) and (1.5) in conjunct ion with the 
boundary  condit ions (1.6) (1.7) and (1.8), we obtain 
the s t r e s s  d i s t r ibu t ion  cr(azz ) and A, the th ickness  of 
the zone of compacted soil  along the surface  of the 
body in regions  1, 2, and 3, r espec t ive ly .  Thus, for 
the plane problem 

I__.. dh -.. d2h l.~) .q- 
--r p ~ q - ~ - [ / ( a ,  ao)tlt q---~a l - - ~  

+ ( H "  q-  dh , .  \2"] �9 dh . 

+~-l~a~,a0)(H + ~  d~ / 

�9 dh  f (a, no) 

A (z) (a,  a0) = / (at~ a~176 A (a) (a,  a0) = 0,  , 

/ (a, no) = ih  (a0) - -  h ( a ) - -  w, it (no)--  t (a')], 

a' ---- a :t: [/(a0) - -  l (a')]. (1.10) 

Here  t(a) is the t ime taken for the width of the 
i m p r e s s i o n  to inc rease  f rom 0 to 2a ; 2e ~ r e p r e s e n t s  
the width of the i m p r e s s i o n  at the moment  when the 
body touched the soil  at point E;  the s u p e r s c r i p t  ~ is 
used to denote p a r a m e t e r s  co r re spond ing  to the moment  
of passage  of the pro jec t ion  on the hor izon ta l  plane of 
the boundary  between zones 1 and 2 through a point at 
a d is tance  L -- l i - a f rom the fixed point D. 

Thus,  the th ickness  of the compacted soi l  zone 
A < [h(a0) - h(a)] ~-1 and, consequent ly,  due to the so i l ' s  
ab i l i ty  subs tan t i a l ly  to change its dens i ty  unde r  de-  
fo rmat ion  (~ .~ 1), the compacted zone is a thin layer .  
This  m e a n s  that the ra t io  of l z in the d i rec t ion  of the 
z axis  to /xy in d i rec t ions  pe rpend icu la r  to the z axis 
is  smal l ,  z{l z ~ elxy),  which leads to e s t i m a t e s  (1.1) 
and (1.2} [5]. A s i m i l a r  explanat ion can be found for 
the o n e - d i m e n s i o n a l  na ture  of soil  motion in the e las t ic  
zone dur ing  the in i t ia l  stage of penetra t ion,  when zone 
3 (Fig. 1) is compara t ive ly  na r row.  With fu r the r  
pene t ra t ion  o n e - d i m e n s i o n a l i t y  is a s sumed  due to 
specia l  p rope r t i e s  of the soi l .  It should be noted, m o r e -  

over,  that at the mos t  i n t e r e s t i n g  stage, when the ra t io  
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w s / H "  is s m a l l ,  t he  i n f l u e n c e  of the  e l a s t i c  s t r a i n s  on 
t h e  p r o c e s s  i s  a s e c o n d - o r d e r  e f f e c t .  

T h e  e q u a t i o n s  of m o t i o n  of a p e n e t r a t i n g  body wi th  

m a s s  m and  the  i n i t i a l  c o n d i t i o n s  a r e  w r i t t e n  in  t h e  
f o r m  

mH': = b ~_ ada, 
.-a, 

i ml'" = b o da 
o --no -no 

H" = W0, l" = U0 for H~--- 0. ( 1 . 1 2 )  

H e r e  b is  the  wid th  of the  p e n e t r a t i n g  body .  

2.  L e t  h(a)  = aZ / 2R .  S i n c e  on ly  s h a l l o w  p e n e t r a t i o n  
d e p t h s  H a r e  i n v o l v e d ,  i t  c an  be  a s s u m e d  t h a t  t h i s  
c o n t o u r  is a p p r o x i m a t e l y  a c i r c l e  of  r a d i u s  R.  We 

s e l e c t  the  r a t i o  w s / W  0 as  the  s m a l l  p a r a m e t e r  e and  
t r a n s f o r m  to d i m e n s i o n l e s s  q u a n t i t i e s  

H" = W o W ,  l" = WoU, a = aa , ,  b = ~a.,  

p, = HpoWo ~ t = e ~ t a . / W o ,  ~t = 4ea .a0o /m,  

a ,  = 2 ~ B ,  / = ~21~. 

S i n c e  t he  p e n e t r a t i n g  s u r f a c e  s l o p e s ,  it can  b e  
t a k e n  t h a t  c~ ~ r ~ 1. T h e  m o s t  i n t e r e s t i n g  s t a g e  of 

the  m o t i o n  is w h e n  the  v e r t i c a l  c o m p o n e n t  H '  of  the  

p e n e t r a t i o n  v e l o c i t y  is c o m m e n s u r a b l e  w i th  i t s  i n i t i a l  
v a l u e  Wo (W ~ 1). I t  is  a s s u m e d  t h a t  t h e  i n i t i a l  v a l u e s  

of the  v e l o c i t y  c o m p o n e n t s  W 0 and  U0 a r e  of the  s a m e  

o r d e r  and,  h e n c e ,  t h a t  U ~ 1. I t  is  a l s o  a s s u m e d  t h a t  
the  body  w i d t h  i s  of s a m e  o r d e r  a s  the  c h a r a c t e r i s t i c  

d i m e n s i o n  in the  d i r e c t i o n  of the  x a x i s  (/3 ~ 1 ) ,  w h i l e  
the  a d d i t i o n a l  m a s s  of the  so i l  is  c o m m e n s u r a b l e  w i th  

the  b o d y  m a s s  (p  ~ 1). 

T h e n  the  e q u a t i o n s  of  m o t i o n  ( 1 . 1 1 )  f o r  the  p e r i o d  
p r i o r  to the  a p p e a r a n c e  of t he  c o n t a c t  d i s c o n t i n u i t y  

z o n e  and  t he  i n i t i a l  c o n d i t i o n s  (1.12) can  be  w r i t t e n  in 
the  f o r m  

t + y ~p, ( ~  ao - -  ea0t + + 
o 

* ~t~a0~(W~--2sW) + ~t~Ha02 = O, 

dY s2/1 dW _~_ 
dm ~ -~- s ~ t ~ a 0 ~ U  = 0, ( 2 . 1 )  

T h e  s e c o n d - a p p r o x i m a t i o n  e q u a t i o n s  h a v e  t he  f o r m  

d'r2 2:% d W ~  
d~ = W---~ ' d~ ~- q~'~ (no) W~ - -  (P2z (no) = O, 

dU, _ 0 ,  I V u = O ,  U ~ = O ,  "r~,=O for a0=0; 
da.o 

23~a2o ~ 1 dW~ 
~p~ (a0) - ~ + 1/~ ~ao~ + w1 a~0 ~ :  (no) = 

- - -  ~ - -  [ a  ~ " dWl 

o 

2 ~ o '  (2.5)  
t + 1Is l~P.~a " 

8 

I 

Fig.  3 

T h e  t h i r d - a p p r o x i m a t i o n  e q u a t i o n  i s  

dUs . dW1 , 8 
d~ 11 ~ ~ y ~ a o 4 U ~  = O, 

U3 = 0 for a0=0 .  (2.6)  

T h e  s o l u t i o n s  of E q s .  (2.4),  (2.5) and  (2.6) f o r  the  

i n i t i a l  c o n d i t i o n s  m e n t i o n e d  a r e  found  in q u a d r a t u r e s .  

F o r  (2.4) we h a v e  

w l  = V 0  + ~n) (l + % ~ o ~ ) - ~ - -  ~n,  

U1 = U o / W o .  (2.7) 

F o r  (2 .5)  

T2 - -  21 (6,0)) W2 = - -  & (&(0) - -  & (6,0)) 
(~rI)'/, (3~t~,) '/, ' Wl (t + o) ~ , 

~ a ~  6 - -  l U 2 = 0 ,  o)--  3 ' r ' 

(t + ,fOx) d0) 1 I (6, r = \ 
o Y (6-- 2~1 -- ~?) oI 'I' ' 

W = t ,  U = U o / W o  for a 0 = 0 .  (2.2)  

We wi l l  s e e k  a s o l u t i o n  f o r  (2.1)  in the  f o r m  of a 

p o w e r  s e r i e s  in t he  s m a l l  p a r a m e t e r  e, i . e . ,  

W = W ,  + eW2 + . . . , U = U~ + eU2 + . . . .  

= T: + e% + . . . .  (2 .3)  

S u b s t i t u t i n g  (2.3)  in (2.1),  we  ge t  t h e  f i r s t - a p p r o x i -  

m a t i o n  e q u a t i o n s  

( I ~  4 ~ .~a~  W dW~ . ~ , z c ~ W 2  

dU1 __ O, W~ ~= 1, U2 = Uo/Wo for up=0.  (2.4)  
dao 

&((L o) = { ~ '  V ~ - g t - , , *  

t 
• f arc s in (--Y ii-+5 • - -  arc s in  ~ l } '  

• = I + r I1 (5,  co) ~ I (8, o~) 0)~'/' d0)~ 

0 

i ,o(6, o,)d 1 Io( , o,)=i 
(t + o l )  2 0 Ol '/' 

o o 

F o r  (2 .6)  

u ,  = - / ,  ( t  - w1) - ' / , r  / w| 

(2 .s)  

(2 .9)  
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The components  of the force act ing on the penet ra t ing  
body are  

(" , , .  "~ dWl 

0 

+4~o ~ ( I - W ~  + ~ j W ~ ,  

P * =  2 ~ aoa, duo --U~ p~tao ~V~)Vv~.  (2.10) 

-d 

& 
0 

~$ mt w2. V 

Fig. 4 

Compaction of the soil  under  the s t e rn  end of the 
body ceases  when the soil  velocity in the neighborhood 
of point A equals  w s or [see(1.8)] when the d i m e n s i o n -  
less  width of the i m p r e s s i o n  equals  

W - - 8  
2~ = T ~ - "  (2.11) 

F r o m  this moment  and up to the c o m m e n c e m e n t  of 
separa t ion  of the body f rom the soil  at the s t e rn  end, 
i ts  motion wil l  be desc r ibed  by the sys t em of equat ions 

+ 

3 + 

k - a l  =o e~l 

0 o o 

+ ~F(a~176 } ~lx[~g(ao--aOao--2s(ao+aOaolW2 t- 

+ ~te~ao (~o ~ -- ~ )  W U  ~F,~o (~o ~ - ~?) (2 + ~) u ~_ 
2 

dU ~l~ ~ 
+ ~Ul~o(~o+~02 - -  0,  W ~ ; + { - g - [  (~~ - -  

o o 

r ~ 

. ~p~:o (~o ~ -- a.~) W ~ ~ (2s~ + ~ )  ao (ao ~ -- a~ ~) W 
2 2 

+ 4~.s~5~ao (ao ~3 + a?) WU + 2 ~ s ~ u ~  3 (a~ a?) U 

2 

dk 2aoU l~ 
d~o = - W - '  )~ = a-~' 

]o ()~ - -  a )  = / (a~ ~ ao~ (2.12) 

The non l inea r  sys tem of Eqs.  (2.12) is solved by 
n u m e r i c a l  methods.  The ini t ia l  values of W, U and r 
are  found from the calculat ion of the preceding stage~ 
The quanti ty X equals zero at the commencemen t  of 
stage cons idered .  The d imens ion les s  coordinate  c~ of 
the zone boundary is found from (2.11). 

3, Oblique impact  of an a x i s y m m e t r i c  body can be 
examined in the same way. The f i r s t  stage of motion 
(up to cessa t ion of sou  compaction at the "s te rn"  end) 
for h = a 2 / 2 R  is descr ibed  by the equat ions 

0 

+ ~lX (W ~ -  2eW) + ~l~II~ = 0, 

dU ~ dW d'v 1 

Uo ~ = 0  at X=0. W - - t ,  U - -  Wo' 

= ~--Cs ~ 1 =  - -  �9 (3 .1 )  

Subst i tut ing (2.3) in (3.1) and a s s u m i n g  that for the 
d imens ion l e s s  quant i t ies  we have e s t ima tes  s i m i l a r  to 
those in 2, we obtain: 
f i r s t - a pp r ox i ma t i on  equations 

( t + - ~ ) W ,  dW~ ~ ,  ~,W~ = 

dUI __ 0 W1  ~- l ,  U ,  = U o / W o  at Z=O; (3.2) 
dX 

second-approx imat ion  equations 

d'~z t dW2 
~ -  = w--V, d~ ~ ,F~ (~) w~ + "&~ (~) = o, 

dU---- 2% - -  0,  "~ = 0, W 2  = O, U2 = O a~ % = 0 ,  
dx 

2~1~ t dWl tF= 2 (%) = 
LFI~(X)- t-t-1/MhX 2 @ Wt dZ ' 

x 

_= _ _  I~* dW~ . 

0 

t h i rd -app rox ima t ion  equat ions 

dUad~_% - -  f l  ~dW1 + 2~t~ZU~ = 0, Ua = 0 at % = 0. (3.4) 

The equat ions  of the succes s ive  approx imat ions  a re  
solved in quadra tu res ,  

W , = [ ( I  t + ~ n  _~ii]v., U~ Uo 
+ ~I~1~) ~ = TV;-o ' 

I~ (6, co) U~ = 0, 
~ =  V ~ '  

r 
l (t + ~ot) d~o~ 

o 

w ~  = - -  q ) ~  (x)  exp  [ - -  r  ( x ) ] ,  g ~  = - -  A ( l  - -  w 0  - -  

x 

o 

X 

= I (x,) oxvtr 
o 
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The  c o m p o n e n t s  of the f o r c e  a c t i n g  on the  p e n e -  
t r a t i n g  body  a r e  

Pz  = 
X 

0 

dW~ 
+ 2 x ( i - -  Ws)]q-- -~--}Wt P ,~= 

mW~ -W-?)" (3.6) 

T h e  c o m p a c t i o n  of  the  so i l  u n d e r  the  s t e r n  p a r t  of 
the  body c e a s e s  w h e n  the  d i m e n s i o n l e s s  d e p t h  of  the  

i m p r e s s i o n  X b e c o m e s  equa l  to the  quan t i t y  

[W --  e~a (3.7) 
X*= \2 s~U]  " 

The  s u b s e q u e n t  i m b e d d i n g  of  the  body in the  s o i l  
m a y  be t r e a t e d  in the  s a m e  w a y  a s  f o r  the  p l a n e  p r o b -  

l e m .  D i r e c t  i m p a c t  (U0 = 0) m a y  be  s i m i l a r l y  c o n s i d -  

e r e d .  In t h i s  c a s e  c o n s i d e r a t i o n  of the  t h i r d  s t a g e  of 

the  p r o c e s s  i s  c o n s i d e r a b l y  s i m p l i f i e d ,  s i n c e  c o m p a c -  

t ion of  the  s o i l  c e a s e s  s i m u l t a n e o u s l y  u n d e r  the  e n t i r e  

c o n t a c t  s u r f a c e .  

tt should be noted that under certain conditions the picture of the 
process may be modified; a cavity may form near the apex of the body. 
The condition for initiation of separation is that stresses o be zero at 
the corresponding points of the contact surface. Calculations show that 
for direct impact in the first approximation soil separation will take 
place on that portion of the surface which has penetrated the soil to a 
depth H > H t = [gm/Urp0R)] t/s.  

The soil model described will obviously be the limiting case of an 
elastoplastic medium with a piecewise-linear law of uniaxiai deforma- 
tion (Fig. 3) (it is assumed that unloading from the states represented 

by points on the section AB takes place without change of volume). 
S. S. Grigoryan [4] used another particular case of this model, where 
the relative soil deformation does not reach the limiting value cor- 
responding to point B. 

4. F o r  a s u f f i c i e n t l y  h igh  in i t i a l  body  v e l o c i t y ,  t h e  

s o i l  d e f o r m a t i o n  p r o c e s s  wi l l ,  in t h e  c a s e ,  p r o c e e d  

a s  f o l l o w s .  

1) The shock wave compacting the soil to the limiting incompres- 
sibile state corresponding the points on BC propagates through the 
undisturbed medium in the direction of the z axis (Fig. 1). 

2) Under the "stern" end of the body the shock wave velocity first 
becomes equal to, and then less than the velocity e0 = E/P01/2 �9 
(E is Yong's modulus; section OA in Fig. 3). The shock wave begins 
to emit an elastic wave; compaction of the soil to the limiting state 
continues, and the right boundary of the region of elastic wave emission 
moves to the right. 

3) With further decrease in the velocity component normal to the 
soil surface the shock wave velocity under the stem end becomes 
equal to cl = Ei/po 1/2 (E is the modulus of plasticity); compaction 
of the soil to the limiting incompressible state ceases; and behind the 
elastic wave, moving at velocity e0 through the region with constant 
parameters (o = -Ps,  w = Ws), the plastic wave will propagate at 
velocity c~. 

It is obvious that if AB slopes sufficiently and c~ < w s = ps / (P0e0) 
the final stage will not take place, and the soil deformation process 
will proceed according to the scheme of w 1. 

We s h a l l  e x a m i n e  the  t h i r d  s t a g e  of  m o t i o n ,  i . e . ,  

we  s h a l l  a s s u m e  t h a t  the  i n i t i a l  v e l o c i t y  c o m p o n e n t  

W 0 i s  s u f f i c i e n t l y  s m a l l  and t h a t  l i m i t i n g  c o m p a c t i o n  

of the  so i l  to the  i n c o m p r e s s i b l e  s t a t e  d o e s  no t  t ake  

p l a c e .  As b e f o r e ,  we  r e g a r d  the  s o i l  m o t i o n  as  o n e -  

d i m e n s i o n a l ,  due,  f o r  e x a m p l e ,  to i t s  h igh  p o r o s i t y  

[3, 4] ( p o w d e r y  s o i l ) .  T h e n  i t  c a n  be  s h o w n  t h a t  d i s t r i -  
bu t ion  of  s t r e s s  cr((~zz ) o v e r  the  s u r f a c e  of  an a x i s y m -  

m e t r i c  body  wi l l  be  

- - a ( a ,  % a 0 ) =  p0cl [ t (ao)- - t (a ' )]  [H'" + / ' "  d-h cosq~ - 

s , - -  ~d--~ cos ~ - -  a ~g sin 

+ p ,+poc t (H '+ l'dhda Osco), t ( a ' ) =  t ( a ) §  COS r 

dt (a) + - ~ a  [l (a0) - -  l (a)] cos ~ + 0 (sSa, / Wo), 

a' = ] / a  2 § (A/) * § 2Ala cos q ) ~  a q- Al cos % 

A l = l ( a o ) - - l ( a ' ) = l ( a o ) - - l ( a ) + O ( a ~ a , ) .  (4.1) 

H e r e  -rT = Ps = E 0 s  is  the  e l a s t i c  l i m i t  (F ig .  3, po in t  

A) .  

L e t  h = a2 / 2 R .  As  b e f o r e ,  f o r  o b l i q u e  i m p a c t ,  we  

l i m i t  o u r s e l v e s  to t he  c a s e  of s h a l l o w  p e n e t r a t i o n  H.  

We i n t r o d u c e  the  a s  y e t  u n d e t e r m i n e d  s m a l l  p a r a m -  

e t e r  e and t r a n s f o r m  to d i m e n s i o n l e s s  q u a n t i t i e s  

a = aa, ,  a ,  = 2eR, H" = WoW,  l" = WoU, 

~a*SP~ P~176 t ~ ea,'r 
~s  ms Ps = 8 ' Wo ' 

~oWo ~lWo /= /~s  ~, c 0 = - W ,  c~=-~- .  

F o r  p o w d e r y  s o i l s ,  s u c h  a s  l o e s s  [3], 

s = 2.107 kgf/m 2, cl~ / Co ~ = 0.05, 

O~ = 0.003, Po = 1.5'102 kg f~ 

and h e n c e ,  f o r  e x a m p l e  f o r  e ~ 0.3, W0 ~ 10 m / s e e ,  i t  

m a y  be  t a k e n  tha t  ~0 ~ ~1 ~ II ~ 1. R e p e a t i n g  the  a r g u -  

m e n t s  of  S e c t i o n  2, we  a l s o  o b t a i n  the  e s t i m a t e s  a ~ 

~ W ~ U ~ ~- ~ p2 ~ 1. T h e n  the  e q u a t i o n s  of  m o t i o n  

m a y  be  w r i t t e n  in the  f o r m  

~o 2a 8 d~ ] W dW [ t + ~ 1  J ~-(~)J ~ + 2~,~ic~0~w + 
o 

+ 0, 

s0 

dC~ s~ [2~s;1 l )  ~ d@~) aSd ~ dW 
dot o 

o 

+28S~2~1~05--~-~ = 0 ,  ~, l(uo) - l ( a )  
a $ 8  

d~ 2no 
' dao W ' 

Uo (4.2) W = t ,  U = W - ~ ,  ~ = 0  for ~ o = 0 .  

As  in w w e  w i l l  s e e k  a s o l u t i o n  f o r  E q .  (4.2) in 

the  f o r m  of  a s e r i e s  in p o w e r s  of t he  s m a l l  p a r a m e t e r  

e .  S u b s t i t u t i n g  (2.3) in (4.2), we  o b t a i n  t he  f i r s t - a p -  

p r o x i m a t i o n  e q u a t i o n  
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_-o 1 + ~ + 2 ~ h ~  8 = O, J 

W~ = i ,  UX = Uo /Wo for no--0 ,  (4.3) 

We s e l e c t  t h e  s m a l l  p a r a m e t e r  e in such  a way that  
P2 ~1 = 2. Then  

W1 = exp ( - -ao ' ) ,  UI = Uo / We (4.4) 

(for  an  a r b i t r a r y  cho ice  of  e we have  W I = exp(-ka04), 
k : #2~ 1/2). 

The  s e c o n d - a p p r o x i m a t i o n  eq u a t i o n s  a r e  

dWs 
d~ ~ 4a~ exp ( - -  2 ~  4) 'x 

~t 

x !I 4a8 exp (2a') W~ (cr d~ -}- T1Cr s = 0, 
0 

W2 = O, U~ = O, ~'2 = 0 for[ u o -  O. (4.5) 

The  s o l u t i o n  of e q u a t i o n s  (4.5) h a s  the  f o r m  

W, = - -  ~ [ 2 - -  (2 + ao4) exp ( - -  ao')], U,----- 0, 

i �9 ~ 2 a exp (r162 dr162 (4.6) 
0 

The  t h i r d - a p p r o x i m a t i o n  eq u a t i o n s  a r e  

dUs f ~ uo~ 
dmo 

o 

- -  2 ~  Wo W~ (~) 

T h u s  

Ua --  

= - -  41  a'~ exp (--Ta~ ~) Uo 
0 0 

-- ~ (a)] ~ a d ~ - 7  

[Ca 

0 

The c o m p o n e n t s  of the  f o r c e  a c t i n g  on  the  p e n e t r a t i n g  
body  a r e  

raW~, 

X [4a~' exp ( - -  2~o') + eexp ~ "  (/I~0'W, - -  ~)]!,'dW' 

p _ ~Wo ~ 

0 

X a~r .s(~)~,d~. ,  .~ " 1 _ 2 . . ,  eo ,.~.~'[ (4.9) 

S i m i l a r  e x p r e s s i o n s  a r e  ob ta ined  for  the p lane  p r o b -  
l e m .  

5. The additional mass of the soil can be ignored when dealing 
with the problem of direct impact of a heavy (~z ~ as) cylindrical 
body with a sloping blunt end on the soil considered in Section 4. In 
this case the soil reaction on the body will be uniquely determined by 
the rate of penetration. Figure 4 gives the dependence of a, the con- 
tact surface stress, on V the rate of penetration. 

- - a =  p)c.V on 0.4 

- -  r = ps  "]- peclV ~onAB 

- -  ~ = p~ ~ ~ ( V - - w , )  2 o n  BC 

Po - -0"=  "~I "~ !on CD 

PS W 1 = ~C 1 + ( i  - -  ~) W& 
W, ~ pOCo ' 

w 2 

Here p is the density of the fully compacted soil (BxBC in Fig. 3). 
It should be noted that with decrease in the modulus of plasticity 

E 1 the velocity w I approaches w s. When w 1 -< w s , there will be no 
section AB (Fig. 4). 

The author thanks N. V. Zvolinskii for his criticism and valuable 
suggestions. 
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